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The University of Georgia 
Department of Physics and Astronomy 

 
 

Prelim Exam 
January 5, 2024 

 
Part I (problems 1, 2, 3, and 4) 

9:00 am – 1:00 pm 
 
 
Instructions: 

• Start each problem on a new sheet of paper. Write the problem number on the top left 
of each page and your pre-arranged prelim ID number (but not your name) on the top 
right of each page. 

• Leave margins for stapling and photocopying. 

• Write only on one side of the paper. Please do not write on the back side. 

• If not advised otherwise, derive the mathematical solution for a problem from basic 
principles or general laws (Newton’s laws, the Maxwell equations, the Schrödinger 
equation, etc.). 

• You may use a calculator for basic operations only (i.e., not for referring to notes stored 
in memory, symbolic algebra, symbolic and numerical integration, etc.) The use of cell 
phones, tablets, and laptops is not permitted. 

• Show your work and/or explain your reasoning in all problems, as the graders are not able 
to read minds. Even if your final answer is correct, not showing your work and reasoning 
will result in a substantial penalty. 

• Write your work and reasoning in a neat, clear, and logical manner so that the grader can 
follow it. Lack of clarity is likely to result in a substantial penalty. 
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Problem 1: Classical Mechanics (CM1) 

A flexible rope of length 𝐿𝐿 = 1.0 𝑚𝑚 slides from a frictionless table top as shown in the figure 
below. The rope is initially released from rest, with a length 𝑥𝑥 = 20 𝑐𝑐𝑐𝑐 hanging over the edge 
of the table.  

1. What is the equation of motion? 
2. Find the time at which the left end of the rope reaches the edge of the table.  
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Solution CM1: 
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Problem 2: Classical Mechanics (CM2) 

A block of mass m is held motionless on the frictionless inclined plane of a wedge, mass M and 
angle of inclination 𝜃𝜃 (see the figure). The wedge rests on a frictionless horizontal surface. The 
block is released. What is the horizontal acceleration of the wedge? 

 

 

 

 
 
Hint: You need an x- and a y-coordinates for the block and an x-coordinate for the wedge. 
These three coordinates are subject to a constraint equation, such that the block is always in 
contact with the inclined surface of the wedge. 

.  
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Solution CM2: 
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Problem 3: Electromagnetism (EM1) 

Calculate the electric field 𝑬𝑬 at the point P in a distance 𝑧𝑧 above the midpoint of a straight wire 
of length 2𝐿𝐿 with constant line charge density 𝜆𝜆 (thus, the total charge is 𝑄𝑄 = 2𝜆𝜆𝜆𝜆). For 
symmetry reasons, it is convenient for the calculation to choose the midpoint of the wire as the 
origin of the coordinate system and to decompose the problem into components parallel and 
perpendicular to the wire (why?). 

 

Discuss the limiting cases 𝑧𝑧 ≫ 𝐿𝐿 and 𝐿𝐿 → ∞. 

 

 

Hint: You may want to use this integral formula: 

� 𝑑𝑑𝑑𝑑′ 
𝐿𝐿

0

1
(𝑥𝑥′2 + 𝑧𝑧2)3/2 =

𝐿𝐿
𝑧𝑧2√𝐿𝐿2 + 𝑧𝑧2
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Solution EM1: 

Generally, the electric field of a charged contour is given by: 

𝑬𝑬(𝒓𝒓) =
1

4𝜋𝜋𝜖𝜖0
� 𝑑𝑑𝑑𝑑′
𝐶𝐶

 
𝜆𝜆(𝒓𝒓′)

|𝒓𝒓 − 𝒓𝒓′|3
(𝒓𝒓 − 𝒓𝒓′). 

Here, it simplifies to: 

𝑬𝑬P =
𝜆𝜆

4𝜋𝜋𝜖𝜖0
�𝑑𝑑𝑑𝑑′
𝐿𝐿

−𝐿𝐿

 
1

|𝒍𝒍(𝑥𝑥′)|3 𝒍𝒍(𝑥𝑥′), 

where 𝒍𝒍(𝑥𝑥′) is the vector from any point of the wire to P. 

 

Use decomposition: 𝒍𝒍 = 𝒍𝒍∥ + 𝒍𝒍⊥ = −𝑥𝑥′𝒆𝒆𝑥𝑥 + 𝑧𝑧𝒆𝒆𝑧𝑧 (𝒆𝒆𝑥𝑥 and 𝒆𝒆𝑧𝑧 are unit vectors parallel and 
perpendicular to the wire, respectively). 

 

Since |𝒍𝒍(𝑥𝑥′)| = √𝑥𝑥′2 + 𝑧𝑧2,  

𝑬𝑬∥P = −𝒆𝒆𝑥𝑥  
𝜆𝜆

4𝜋𝜋𝜖𝜖0
�𝑑𝑑𝑑𝑑′
𝐿𝐿

−𝐿𝐿

 
𝑥𝑥′

(𝑥𝑥′2 + 𝑧𝑧2)3/2  = 0   (symmetry) 

𝑬𝑬⊥P = 𝒆𝒆𝑧𝑧  
𝜆𝜆𝜆𝜆

4𝜋𝜋𝜖𝜖0
�𝑑𝑑𝑑𝑑′
𝐿𝐿

−𝐿𝐿

 
1

(𝑥𝑥′2 + 𝑧𝑧2)3/2 =
𝑄𝑄

4𝜋𝜋𝜖𝜖0
 

1
𝑧𝑧√𝑧𝑧2 + 𝐿𝐿2

 𝒆𝒆𝑧𝑧 , 𝑄𝑄 = 2𝜆𝜆𝜆𝜆 

 

Limits:  

𝑧𝑧 ≫ 𝐿𝐿:  𝑬𝑬⊥P = 𝑄𝑄
4𝜋𝜋𝜖𝜖0

 1
𝑧𝑧2

 𝒆𝒆𝑧𝑧 (finite wire looks like a point charge from the distance) 

𝐿𝐿 → ∞:  𝑬𝑬⊥P = 2𝜆𝜆
4𝜋𝜋𝜖𝜖0

 1
𝑧𝑧

 𝒆𝒆𝑧𝑧 (field of an infinite wire)  
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Problem 4: Electromagnetism (EM2) 

A square loop, length 𝑙𝑙 on each side, moves with velocity 𝑣𝑣0into a uniform magnetic field B, 
which is perpendicular to the plane of the loop. The loop has mass m and resistance of R, and it 
enters the field at t = 0 s. Assume that the loop is moving to the right along the 𝑥𝑥-axis and the 
field begins at 𝑥𝑥 = 0 𝑚𝑚. 

Assuming the back edge of the loop has not enter the field and ignoring gravity, find an 
expression for the loop’s velocity as a function of time as it enters the magnetic field.  
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Solution EM2: 

.  
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The University of Georgia 
Department of Physics and Astronomy 

 
 

Prelim Exam 
January 5, 2024 

 
Part II (problems 5 and 6) 

3:00 pm – 5:00 pm 
 
 
Instructions: 

• Start each problem on a new sheet of paper. Write the problem number on the top 
left of each page and your pre-arranged prelim ID number (but not your name) on 
the top right of each page. 

• Leave margins for stapling and photocopying. 

• Write only on one side of the paper. Please do not write on the back side. 

• If not advised otherwise, derive the mathematical solution for a problem from basic 
principles or general laws (Newton’s laws, the Maxwell equations, the Schrödinger 
equation, etc.). 

• You may use a calculator for basic operations only (i.e., not for referring to notes 
stored in memory, symbolic algebra, symbolic and numerical integration, etc.) The 
use of cell phones, tablets, and laptops is not permitted. 

• Show your work and/or explain your reasoning in all problems, as the graders are 
not able to read minds. Even if your final answer is correct, not showing your work 
and reasoning will result in a substantial penalty. 

• Write your work and reasoning in a neat, clear, and logical manner so that the grader 
can follow it. Lack of clarity is likely to result in a substantial penalty. 
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Problem 5: Quantum Mechanics (QM1)  

Consider the quintessential introduction quantum mechanics problem of one dimensional 
simple harmonic oscillator (SHO) with mass 𝑚𝑚 and spring constant 𝑘𝑘, described by a 
Hamiltonian operator 𝐻𝐻� and a wavefunction 𝜓𝜓. 

1. What is the SHO angular oscillation frequency, 𝜔𝜔, in terms of 𝑚𝑚 and 𝑘𝑘? What is 𝑘𝑘 in 
term of 𝜔𝜔 and m? 

2. Write down the Hamiltonian operator 𝐻𝐻� for the SHO in terms of the momentum 
operator 𝑝̂𝑝 and the position operator 𝑥𝑥�. 

3. What is the commutator: [𝑥𝑥�, 𝑝̂𝑝]= ? 
Next, consider the ladder operators: 
 

 𝑎𝑎�− =
1

√2ℏ𝑚𝑚𝑚𝑚
(𝑚𝑚𝑚𝑚𝑥𝑥� + 𝑖𝑖𝑝̂𝑝) 

 𝑎𝑎�+ =
1

√2ℏ𝑚𝑚𝑚𝑚
(𝑚𝑚𝑚𝑚𝑥𝑥� − 𝑖𝑖𝑝̂𝑝) 

 

4. Show:  

𝐻𝐻� =  ℏ𝜔𝜔(𝑎𝑎�−𝑎𝑎�+ −
1
2

) 

Must give details to receive full credit. 
5. Evaluate the commutator: [𝑎𝑎�−,𝑎𝑎�+] =? 
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Solution QM1: 
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Problem 6: Quantum Mechanics (QM2) 

The wave function 𝜓𝜓(𝑥𝑥, 𝑡𝑡) of quantum particle moving along the x-axis obeys the time-
dependent Schrödinger equation 

[1]  𝑖𝑖ℏ𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡)  = 𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)  

where 𝜕𝜕𝑡𝑡 denotes the partial derivative with respect to time 𝑡𝑡 and 𝐻𝐻 is the Hamiltonian 
operator. 𝐻𝐻 acts only on the 𝑥𝑥-dependence of  𝜓𝜓(𝑥𝑥, 𝑡𝑡)  and   𝐻𝐻 is a Hermitian operator 
which means that    

[2]  ∫ 𝜒𝜒(𝑥𝑥)∗+∞ 
−∞  �𝐻𝐻𝐻𝐻(𝑥𝑥)�  𝑑𝑑𝑑𝑑 =   ∫ (𝐻𝐻𝐻𝐻(𝑥𝑥))∗+∞ 

−∞   𝜙𝜙(𝑥𝑥)  𝑑𝑑𝑑𝑑  

for any two normalizable, complex-valued wave functions 𝜙𝜙(𝑥𝑥) and 𝜒𝜒(𝑥𝑥). Here, 𝑍𝑍∗ denotes 
the complex conjugate of  𝑍𝑍, for any complex number 𝑍𝑍. 

 

Let 𝑁𝑁𝜓𝜓(𝑡𝑡) denote the norm of the wave function 𝜓𝜓(𝑥𝑥, 𝑡𝑡) at time 𝑡𝑡, defined by 

  𝑁𝑁𝜓𝜓(𝑡𝑡) =   ∫  |𝜓𝜓(𝑥𝑥, 𝑡𝑡)|2+∞ 
−∞   𝑑𝑑𝑑𝑑 

Use only Eqs. [1] and [2] to prove that 𝑁𝑁𝜓𝜓(𝑡𝑡) is time-independent. 

 

Hints: (1) Recall that |𝑍𝑍|2 = 𝑍𝑍∗𝑍𝑍, for any complex number 𝑍𝑍.  (2) The time-independence of 
𝑁𝑁𝜓𝜓(𝑡𝑡) can be equivalently stated in terms of its time derivative, 𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡). In other words, 
what is 𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡) if and only if 𝑁𝑁𝜓𝜓(𝑡𝑡) is independent of time? 
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Solution QM2: 

Using Hint (1), write 

  𝑁𝑁𝜓𝜓(𝑡𝑡) =   ∫  �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
𝜓𝜓(𝑥𝑥, 𝑡𝑡)+∞ 

−∞   𝑑𝑑𝑑𝑑 

 

Then, following Hint (2), try to evaluate 𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡): 

  𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡) = 𝜕𝜕𝑡𝑡�∫  �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
𝜓𝜓(𝑥𝑥, 𝑡𝑡)+∞ 

−∞   𝑑𝑑𝑑𝑑�   

      = ∫  𝜕𝜕𝑡𝑡 ��𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
𝜓𝜓(𝑥𝑥, 𝑡𝑡)�+∞ 

−∞   𝑑𝑑𝑑𝑑 

      = ∫  ��𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
 𝜓𝜓(𝑥𝑥, 𝑡𝑡) + �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�

∗
 �𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡)��+∞ 

−∞   𝑑𝑑𝑑𝑑 

Using Eq.[1], get 

  𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡) =  − 𝑖𝑖
ℏ

 𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)   

  � 𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗

= 𝑖𝑖
ℏ

 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)�
∗

 
  

Insert this into above eq. for 𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡): 

  𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡) = ∫  �𝑖𝑖
ℏ

 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)�
∗
 𝜓𝜓(𝑥𝑥, 𝑡𝑡) −  𝑖𝑖

ℏ
�𝜓𝜓(𝑥𝑥, 𝑡𝑡)�

∗
 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)��+∞ 

−∞   𝑑𝑑𝑑𝑑 

      = 𝑖𝑖
ℏ
�  ∫ �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)�

∗
 𝜓𝜓(𝑥𝑥, 𝑡𝑡) 𝑑𝑑𝑑𝑑  +∞ 

−∞ −  ∫ �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)� 𝑑𝑑𝑑𝑑  +∞ 

−∞  �  

Using Eq.[2], the first integral in the preceding line is the same as the second integral: 

  ∫ �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)�
∗
 𝜓𝜓(𝑥𝑥, 𝑡𝑡) 𝑑𝑑𝑑𝑑  +∞ 

−∞ =  ∫ �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)� 𝑑𝑑𝑑𝑑  +∞ 

−∞  

Therefore  

  𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡) = 𝑖𝑖
ℏ
� ∫ �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�

∗
 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)� 𝑑𝑑𝑑𝑑  +∞ 

−∞ − ∫ �𝜓𝜓(𝑥𝑥, 𝑡𝑡)�
∗
 �𝐻𝐻𝐻𝐻(𝑥𝑥, 𝑡𝑡)� 𝑑𝑑𝑑𝑑  +∞ 

−∞ �  

      = 0 

at all times  𝑡𝑡. But if 𝜕𝜕𝑡𝑡𝑁𝑁𝜓𝜓(𝑡𝑡) = 0 at all times 𝑡𝑡 then 𝑁𝑁𝜓𝜓(𝑡𝑡) must be a constant in 𝑡𝑡, i.e., 𝑁𝑁𝜓𝜓(𝑡𝑡) 
must be independent  of 𝑡𝑡.         Q.E.D. 

 

 


